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Abstract. A geometrically symmetrical fractal structure is 
presented in this paper to provide an alternative approach 
for the miniaturization design of microstrip bandpass fil-
ters (BPFs). The generation process of the geometric 
geometry is described in detail, and a new fractal resona-
tor called Greek-cross fractal resonator (GCFR) is pro-
duced by etching the proposed fractal configuration on the 
surface of the conventional dual-mode meandered loop 
resonator. Four microstrip BPFs based on the first four 
iterations GCFR are modeled and simulated. The simula-
tion results show that with the increase of the number of 
iterations, the central frequency of the BPF is gradually 
moving towards the low frequency, which indicates that the 
proposed fractal resonator has the characteristic of minia-
turization. In addition, the parameter optimization and 
surface current density distribution are also analyzed in 
order to better understand the performance of the BPF. 
Finally, a compact dual-mode BPF based on the third 
iteration GCFR is designed, fabricated and measured. The 
measurement results are in good agreement with the simu-
lation ones. 
Keywords 
Dual-mode, miniaturization, bandpass filter (BPF), 
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1. Introduction 
Microstrip bandpass filter (BPF) is an indispensable 
part in the RF front end of various communication systems. 
It plays a vital role in filtrating the desired signals in the 
specified frequency band and suppressing the out of band 
clutter and interference signals. Consequently, the design 
of microstrip BPFs is always a hot research topic in wire-
less communication systems. With the progressive devel-
opment of wireless communication, the demand for mi-
crostrip bandpass filter with excellent performance and 
compact structure becomes more and more urgent [1]. 
Miniaturization of BPF is one of fundamental require-
ments in communication systems. Since the dual-mode 
resonator was firstly introduced by Wolff [2], the BPFs 
with dual-mode resonators have been extremely attractive. 
This is because each dual-mode resonator can be used as 
a doubly tuned resonant circuit, so the number of resona-
tors required for a given degree of filter is reduced to half, 
resulting in a compact filter structure [3]. In addition, dual-
mode resonators also have advantageous features such as 
wide passband, low radiation loss, and easy-to-design lay-
out because transmission-line theory and design tools can 
easily be exploited [4]. In these literatures [5–9], the filters 
based on the dual-mode resonator are all built by using the 
coupling between the two degenerate modes, and the two 
degenerate modes can be excited by introducing a slot 
along the orthogonal plane or attaching a capacitive patch 
to the resonator. A pair of crossed slots with unequal 
widths acted as the perturbation elements had been embed-
ded in a patch resonator [5]. By adjusting the width of the 
slots, two degenerate modes were excited, and a pair of 
transmission zeros (TZs) was also generated, which im-
proved the selectivity of the BPF performance. R.Q. Zhang 
[6] had applied the arc- and radial-oriented slots to bring 
down the TM01-like mode and to split the TM11-like mode 
and its degenerate mode, respectively. By using a pair of 
square etched areas (SEAs) acted as perturbation elements, 
the dual mode filtering performance had been excited and 
two TZs located on either side of the passband were clearly 
observed [7]. The two TZs could effectively improve the 
stopband rejection, thus avoiding the interference from 
other communication systems. A novel capacitance loaded 
square loop resonator (CLSLR) with spurious response 
suppression and size reduction had been proposed in [8], 
and the conception of using the inner patch perturbation 
elements to split the degenerate modes to form two pass-
bands was firstly put forward. In literature [9], the elliptical 
and linear phase filtering characteristics could be obtained 
in the first passband by using the perturbation elements in 
the form of patch or corner cut, respectively. 
The term fractal was firstly proposed by Mandelbrot 
to represent a class of seemingly irregular geometries [10], 
since then, many fractal geometries have been widely 
studied and applied in various microwave devices, such as 
antennas [11–14], frequency selective surfaces (FSSs) [15], 
and microstrip BPFs [16]. Unlike Euclidean geometry, the 
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fractal geometry has two essential properties: space-filling 
and self-similarity. The self-similarity can be used to 
achieve multi-band characteristics and the space-filling 
property can be employed for miniaturization design [17]. 
Yordanov et al. had made a pioneering work in the applica-
tion of fractal geometry in the design of filters [18]. Based 
on the investigation of the Cantor fractal geometry, they 
predicted the fractal could provide a new and promising 
breakthrough for the design of filters and reflectors. Prior 
to this, most of the research efforts had been devoted to the 
application of fractal structure in antennas. Since then, 
intensive research efforts have been focused on the appli-
cation of fractal structures in filters. A compact dual-mode 
T-shape fractal microstrip resonator was proposed in litera-
ture [19] and a shorting pin was added to the resonator to 
excite the degenerate modes in the lower band. By adjust-
ing the size and position of the shorting pin, the proposed 
resonator could well meet the design requirements. A Min-
kowski-island-based (MIB) fractal patch resonator was 
used to design a dual-mode BPF for the applications of 
wireless local area network (WLAN) [20]. By the perturba-
tion and T-couple / inner-digital coupling, the wide-band 
and dual-band responses were obtained, respectively. In 
order to realize the miniaturization of filter and improve 
the capability of harmonic suppression, the Koch fractal 
shaped structure was applied to design a compact micro-
strip BPF [21]. What’s more, the Koch fractal electromag-
netic bandgap (KFEBG) structures were applied to design 
improved low-pass filter (LPF) [22]. Juan de Dios Ruiz et 
al. had designed high-performance BPFs based on the 
substrate integrated waveguide (SIW) and half mode SIW 
(HMSIW) with KFEBG patterns etched on the waveguide 
surface [23]. Moore curve fractal-shaped spiral resonator 
could provide 49% size reduction as compared to conven-
tional split ring resonators [24], and the BPFs based on the 
second and third iterations Moore space-filling curve [25] 
had narrow band frequency responses, high selectivity and 
blocked harmonics in out-of-band regions. Hilbert-fork 
resonator [26] was applied to design tri-band bandstop and 
bandpass filters with excellent performance, small overall 
sizes, as well as the possibility of independent control of 
the passbands. Several dual-mode BPFs based on Sierpin-
ski carpet fractal geometry were presented in [27]. With the 
increase of the number of iterations, both the insertion loss 
(IL) and fractional bandwidth (FBW) of the BPFs are re-
duced, and the return loss and the frequency selectivity are 
improved. 
In this paper, a geometrically symmetrical fractal 
structure is introduced. A new resonator called Greek-cross 
fractal resonator in this paper is formed by embedding the 
fractal configuration in the surface of the conventional 
meandered loop resonator. A dual-mode BPF based on the 
third iteration GCFR is designed, fabricated and measured. 
Measurement results show a very close agreement with the 
simulated ones. 
This paper is organized as follows: The generation 
process and characteristics of the proposed fractal structure 
are illustrated in Sec. 2 and four dual-mode BPFs based on 
the first four iterations GCFR are modeled and studied in 
Sec. 3. Section 4 provides the simulation and measurement 
results. The parameters optimization, mode-splitting char-
acteristic and the surface current distribution are also dis-
cussed in this section. Finally, a conclusion is drawn in 
Sec. 5. 
2. Generation Process of Greek-cross 
Fractal Geometry 
In the aspects of the applications of fractals in micro-
wave circuits, the most interesting iteration is the one based 
on the generator. In that case, two components are needed 
– the initiator and the generator. The initiator is a set of 
linear segments that comprise a starting shape of a fractal, 
whilst the generator is an arranged collection of scaled 
copies of the initiator [28]. 
The generation process of the Greek-cross fractal ge-
ometry is illustrated in Fig. 1. It can be seen that this fractal 







Fig. 1.  Generation process of Greek-cross fractal geometry: 
(a) Generator, (b) Initiator, (c) First iteration, (d) Se-
cond iteration, (e) Third iteration, and (f) Fourth itera-
tion. 
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 The iterative process is started with the initiator, i.e. 
the zeroth iteration which is a square with the side 
length of L as shown in Fig. 1(b). 
 In the first iteration, each segment of the initiator is 
replaced by a copy of the generator which is depicted 
in Fig. 1(a). The dimensions and positions of the copy 
of the generator are changed so that its end points 
coincide with the end points of the segment which is 
to be replaced. Figure 1(c) shows the first iteration of 
fractal structure. 
 In the second iteration, the procedure of copying of 
the generator is repeated for every segment of the 
curve obtained after the first iteration. In addition, 
some line segments which are proportional to the 
ones of the initiator are added to form a closed curve. 
Figure 1(d) depicts the second iteration of fractal 
structure. 
 Continuing the above process can obtain the 
following iterative fractal structures, and the fractal 
structure of the third and fourth iterations are shown 
in Fig. 1(e) and Fig. 1(f), respectively. 
Theoretically, the iterative process can continue infi-
nitely. However, it has been concluded, in practice, that the 
number of iterations should be limited to only a few, since 
otherwise additional complexities arise [29, 30]. 
The enclosed area donated by Ak of the Greek-cross 
fractal structure can be derived and given by: 
   2 25 9 [mm ] 0kkA L k ,   (1) 
The perimeter of the Greek-cross fractal structure can be 
derived and given by: 
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where the integer k is the number of iterations, L the side 
length of the initiator, Pk the perimeter of the fractal ge-
ometry after the k-th iteration, nk the number of the line 
segments after the k-th iteration, lk the length of the line 
segments after the k-th iteration. 
From the aspect of miniaturization of circuits, the 
most important criterion in the selection of a fractal curve 
is its dimension. The dimension of a fractal curve can be 
understood as a measure of the space-filling ability of the 
fractal curve [28]. The higher the fractal dimension, the 
better the fractal curve fills the given area, therefore 
achieving higher compactness. The dimension D can be 
determined as: 
    log / logD N r          (5) 
where N is the number of self-similar segments obtained 
from one segment after each iteration and r is the number 
of segments obtained from one segment in each iteration. 
According to Fig. 1, we can obtain N = 5 and r = 3, there-
fore, the dimension of the proposed Greek-cross fractal 
structure can be calculated as D = 1.465. 
3. Design of Fractal BPF 
3.1 Greek-cross Fractal Resonator (GCFR) 
A conventional meandered loop resonator as shown 
in Fig. 2(a) is considered to construct the resonator based 
on Greek-cross fractal geometry. The reason for this is that 
the meandered loop resonator can be seen as the first 
iteration GCFR, which is obtained by etching the first 
iteration Greek-cross fractal geometry on the surface of 
a cross-shaped patch. The corresponding iterative fractal 
resonator can be obtained by etching different iterative 
fractal geometries on the identical cross-shaped patch. The 
geometrical structures of fractal resonator based on the first 
four iterations are depicted in Fig. 2(a) to (d), respectively. 
It’s obvious that with the increase of the iteration, the 
surface current path length (the perimeter of the fractal 
geometry) increases and the width of slot line is reduced. 
This  conclusion  can  also  be verified by (2). Therefore, in 
(a) (b)
(c) (d)
Copper Slot line Auxiliary line  
Fig. 2.  Geometrical structure of the proposed GCFR based on 
the first four iterations: (a) First iteration: meandered 
loop resonator, (b) Second iteration, (c) Third iteration, 
and (d) Fourth iteration. 
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the design of the proposed fractal resonator, the main fac-
tor that restricts the iterative process is the width of the slot 
line. More accurately, the main factor that limits the itera-
tive process is the machining precision. 
3.2 Characteristics of GCFR 
In order to design a BPF based on the proposed frac-
tal resonator with high performance, the fractal resonator 
should be analyzed firstly. The quality factor Q is an im-
portant parameter for the resonant circuit. It can be seen as 
a measure of the loss of the resonant circuit. In other words, 
the lower loss means higher Q. In addition, higher Q can 
also lead to a narrower bandwidth and a more steep re-
sponse curve. The unloaded quality factor Qu for the pro-
posed fractal resonator can be obtained from the measure-
ment using the circuit shown in Fig. 3. The Qu can be cal-















  (7) 
where Ql is the loaded quality factor, S21 is the IL at the 
resonance frequency, fres is the resonance frequency, and 
Δf3-dB is the 3-dB bandwidth of the fres.  
In addition, in the process of measuring the Qu, it can 
be observed that with the increase of the number of itera-
tions, the resonance frequency of the resonator is gradually 
shifted to a lower frequency. Figure 4 shows the effect of 
the number of iterations on the unloaded quality factor Qu 
and normalized resonance frequency ratio R. The R can be 







   (8) 
where fres – k is the resonance frequency of the k-th iteration 
resonator and fres – 1 is the  resonance  frequency of  the first 
 
Fig. 3.  Sketch map of Greek-cross fractal resonator for the 
unloaded quality factor Qu measurement. 
 
Fig. 4.  Normalized resonance frequency ratio R and unloaded 
quality Qu against the number k of iterations. 
iteration resonator. It can be seen that the change trend 
gradually becomes more and more slowly with the increase 
of the number of iteration. So it can be predicted that when 
k increases to a certain value, R will obtain the minimum 
value. What’s more, the Qu reaches the maximum value 
when k = 3.  
3.3 Filter Design 
The geometrical structure of the proposed dual-mode 
BPF based on the third iteration GCFR is shown in Fig. 5. 
The other three BPFs are similar in configuration to this 
one. The only difference is the selected resonator, which is 
respectively corresponding to the first iteration GCFR, the 
second iteration GCFR and the fourth iteration GCFR. It 
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Fig. 5.  Geometrical structure of the proposed dual-mode BPF 
based on the third iteration of GCFR. 
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the RO3210 substrate with a relative permittivity εr of 10.8, 
a thickness h of 1.27 mm and a loss tangent tanδ of 0.0027. 
The thickness t of the copper on the substrate is 35 μm. 
The width W3 of the feed line is chosen to be 0.98 mm, 
which corresponds to the characteristic impedance of 50 Ω. 
As depicted in Fig. 5, a pair of orthogonal feed lines as the 
input and output (I/O) ports are connected to two identical 
U-shaped coupling arms. The resonator is fed by the U-
shaped coupling arms by gap coupling. According to the 
analysis in [32], the length of the coupling arms and the 
gap size between the coupling arms and the resonator have 
a great influence on the performance of the filter. By ad-
justing the length and the gap size adequately, the coupling 
strength and the frequency response can be optimized.  
It’s known that the nature of the coupling between the 
degenerate modes is an especially significant parameter for 
dual-mode filter design since it determines the filter char-
acteristics [33]. What’s more, the strength and nature of the 
coupling between the degenerate modes of the dual-mode 
resonator is mainly determined by the perturbation’s size 
and shape [34]. Therefore, as depicted in Fig. 5, a perturba-
tion element in the form of a small square patch is attached 
to a corner along the symmetry axis of the GCFR. Of 
course, the perturbation element can also be other shapes 
and locations to excite the degenerate modes. However, the 
manner in this paper is one of the most convenient manners 
to meet the design requirements. Consequently, the identi-
cal perturbation elements are added to the same position of 
other iterative resonators.  
For comparison, the occupied area of the four BPFs is 
exactly the same, in other words, the length of each BPF 
donated by Ltotal remains the same. However, in order to 
obtain better filter performance, the size of some dimen-
sions will be made a fine-tuning, such as L10 and Wp, 
whose variation will not change the value of Ltotal. 
4. Performance Evaluation 
In this paper, we have investigated the effect of the 
length of U-shaped coupling arms and the gap size between 
the coupling arms and the resonator on the performance of 
the fractal BPF as shown in Fig. 5. Figure 6 and Fig. 7 
show the simulation results for five cases from changing 
the length of the U-shaped coupling arms with a fixed gap 
size (g = 0.2 mm) and varying the gap size with a fixed 
length (L10 = 0.9 mm), respectively. It can be seen from 
Fig. 6(a) that only single mode is excited when L10 is less 
than 0.85 mm. With the increase of L10, the length of the 
coupling arms is gradually reduced, the two degenerate 
modes are gradually being excited and moving away from 
each other. What’s more, the reflection characteristic of the 
BPF is degraded. However, the variation of the length of 
the coupling arms has little influence on the transmission 
characteristics of the BPF, which can be evidently con-
cluded from Fig. 6(b). In other words, no matter how the 
length of the coupling arms changes, the insertion loss in 
band remains unchanged.  
(a)
(b)  
Fig. 6.  Simulation results for the performance of the BPF by 
adjusting the length of the U-shape coupling arms with 
a fixed gap size (g = 0.2 mm). (Wp = 2.15 mm) (a) Re-
flection characteristics (S11). (b) Transmission charac-
teristics (S21). 
It’s clearly observed from Fig. 7(a) that only single 
mode is excited when g = 0.2 mm, and mode splitting oc-
curs when the value of g is larger than 0.2 mm. With the 
increase of gap size, the resonance frequencies of the two 
degenerate modes move away from each other. As shown 
in Fig. 7(a), higher mode frequency shifts to much higher 
frequency, while lower mode frequency remains basically 
constant. As a result, the bandwidth is expanded. The 
simulation results of the transmission characteristics of the 
BPF by changing the gap size are shown in Fig. 7(b). Two 
TZs are located on each side of the passband for these five 
kinds of conditions. And as the gap size increases, the 
lower TZs shifts to higher frequency, while the higher TZs 
shifts to lower frequencies. Combined with the changes in 
the reflection characteristics mentioned above, it can be 
concluded that the increase of the gap size can improve the 
frequency selectivity of the BPF, so that the BPF can ob-
tain sharp passband skirts. Additionally, it’s evident from 
the partial enlarged detail in Fig. 7(b) that with the increase 
of the  gap size g, the  single passband  gradually splits into 
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(a)
(b)  
Fig. 7.  Simulation results for the performance of the BPF by 
adjusting the gap size with a fixed length of the  
U-shape coupling arms (l3 = 0.9 mm), (Wp = 2.15 mm): 
(a) S11, (b) S21. 
two frequency bands. The reason for this is that the cou-
pling strength gradually weakens with the increase of the 
gap size.  
In summary, both the length of the coupling arms and 
the gap size have a certain effect on the characteristics of 
the BPF. In the design of the BPF, we should focus on the 
optimization of the two parameters in order to obtain high 
performance BPF. 
Figure 8 shows the simulation results of the change in 
mode frequencies and coupling coefficient between the 
degenerate modes with respect to the perturbation size Wp. 












  (9) 
where f1 and f2 are the resonance frequencies of the mode-I 
and mode-II, respectively. As it can be seen from Fig. 8, 
f1 = f2 = 1.644 GHz and K = 0 when Wp ≤ 2.1 mm. In other 
words,  only  single mode  is excited and the corresponding 
 
Fig. 8.  Simulation results of mode frequency and coupling 
coefficient between the degenerate modes with respect 
to the perturbation size Wp (g = 0.2 mm, L10 = 0.9 mm). 
coupling coefficient is zero when the perturbation size is 
less than 2.1 mm. With the increasing of the perturbation 
size, the two degenerate modes are gradually excited and 
moving away from each other. It is interesting that the 
degree of change of the resonance frequencies of the mode-
I and mode-II are almost the same. This is because the 
square perturbation element is symmetrically distributed 
along the diagonal, and the variation of the perturbation 
size has the same effect on the electromagnetic field distri-
bution for the mode-I and mode-II. In addition, the cou-
pling coefficient also increases with the increase of the 
perturbation size. 
Based on the above analysis, the physical dimensions 
of each BPF after optimization are listed in Tab. 1. The 
simulation results of the frequency responses of these four 
BPFs are depicted in Fig. 9. 
It is obvious from Fig. 9 that all the four fractal BPFs 
have elliptical frequency responses. In other words, there 
are two TZs for the passband in the real frequencies. With 
the increase of the number of iterations, the central fre-
quency of the BPF is shifted to the lower frequency, which 
is changed from 1.907 GHz in the first iteration to 
1.596 GHz in the fourth iteration. Additionally, the corre-
sponding 3-dB bandwidth gradually decreases with the 












L1 = L2   0.6 
L3 = L4   1.2 
L5 = L6  1.8 
L7 = L8 5.4 
L9 2 




Wp 2.2 2.2 2.2 2.1 
g 0.2 
Ltotal 19.2 
Tab. 1. Comparison table for different parameters. 




Fig. 9.  Simulation results for the frequency responses of the 
BPF based on GCFRs with different iterations: 
(a) S11, (b) S21. 
iterative BPF can achieve a more steep response curve than 
the lower one. It can be obtained that the 3-dB bandwidth 
of these four fractal BPFs is 227 MHz, 111 MHz, 87 MHz 
and 83 MHz, respectively. Therefore, the corresponding 
FBW is 11.9%, 6.3%, 5.3% and 5.2%, respectively. 
According to the above analysis, a dual-mode BPF 
based on the third iteration GCFR has been fabricated and 
measured. The measurement results are achieved by using 
the Agilent network analyzer PNA-L. The photograph of 
the fabricated BPF and the simulation and measurement 
results are illustrated in Fig. 10(a) and (b), respectively. 
The side length of the BPF is about 20 mm, which is ap-
proximate 0.267λg, where λg is the guided wavelength at 
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where c is the speed of light and εeff is the effective 






Fig. 10.  Final dual-mode BPF based on the third iteration of 
GCFR. (a) Photograph of the fabricated BPF.  
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where εr is dielectric constant of the substrate. 
As can be seen from Fig. 10(b), the dual-mode BPF 
operates at the central frequency of 1.65 GHz with a FBW 
of 5.1%. Two TZs with respective frequency location at 
1.507 GHz and 1.851 GHz can be clearly observed. At the 
lower TZ, the measured S21 is about –44.7 dB; while for 
the higher TZ, the measured S21 is about –49.2 dB, and the 
proposed BPF can effectively suppress harmonic response 
with a better than 25 dB suppression. Additionally, there 
are two poles in the passband, and the corresponding 
frequency and IL are 1.637 GHz with –23.9 dB and 
1.656 GHz with –26.5 dB. 
In order to get insight into the nature of current den-
sity distributions at the surface of the fabricated BPF, the 
simulation results for the surface current density at four 
different frequencies of operation are depicted in Fig. 11. 
In these figures, the maximum current density magnitude 
indicates the strongest coupling effects while the minimum 
magnitude indicates the weakest ones. As shown in Figure 












Fig. 11.  Simulation results for the current density distribution 
at the surface on the filter for Port 1: (a) at 1.507 GHz; 
(b) at 1.851 GHz; (c) at 1.637 GHz; (d) at 1.656 GHz. 
11(a) and Fig. 11(b), they are the surface current density 
distribution of the two TZs at 1.507 GHz and 1.851 GHz, 
respectively. It’s obvious that the energy is mainly distrib-
uted on the coupling arm of Port 1 and the upper and lower 
edges of the resonator, and almost no energy is distributed 
in the Port 2. This is because the energy is almost reflected 
back to the Port 1 at the TZs. Figure 11(c) and (d) are the 
surface current density distribution of the two poles in the 
passband at 1.637 GHz and 1.656 GHz, respectively. It can 
be seen that the energy is coupled from Port 1 to Port 2. 
It’s worth noting that the surface current density distribu-
tions at 1.637 GHz and 1.656 GHz are different. In addi-
tion to the surface current density distribution neat the two 
ports, the energy for 1.637 GHz is mainly distributed on 
the upper edge of the resonator, while the energy for 
1.656 GHz is mainly distributed on the right edge of the 
resonator. This is because resonance frequencies of two 
degenerate modes in a resonator have a 90° phase offset, 
which is the same as their current distributions. 
5. Conclusions 
In this paper, a compact dual-mode BPF based on the 
third iteration GCFR is presented. The new fractal resona-
tor has the property of miniaturization in the design of 
microstrip BPFs. In addition, the generation process of the 
fractal structure is described in detail. After parameters 
optimization, a dual-mode BPF operating at 1.65 GHz with 
a FBW of 5.1% has been designed, fabricated and meas-
ured. The measurement results are in a close agreement 
with the simulation ones. In addition to the machining 
accuracy, the deviation between the dielectric constant of 
the substrate and the theoretical value, which is not consid-
ered in the simulation, leads to the small deviation between 
simulation and measurements. Therefore, the proposed 
fractal resonator can be used in the miniaturized design of 
microwave components in modern satellite and wireless 
communication systems. 
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